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Abstract. We investigate when the product of two Hecke eigenforms for 
Ti{N) is again a Hecke eigenform. In this paper we prove that the product 
of two normahzed eigenforms for ri(A'^), of weight greater than 1, is an eigen- 
form only 61 times, and give a complete list. Duke IDuk99| and Ghate IGhaOO | 
independently proved that with eigenforms for SL2(Z), there are only 16 such 
product identities. Ghate IGha02l also proved related results for ri(Af), with 
N square free. Emmons |Emm05] proved results for eigenforms away from the 
level, for prime level. The methods we use are elementary and effective, and 
do not rely on the Rankin-Selberg convolution method used by both Duke and 
Ghate. 



1. Introduction 

In this paper we consider the following question: when does the equation 

have solutions with /, g and h Hecke eigenforms with respect to ri(A'^), for any 
level A^? This question was independently considered by Duke |Duk99) and Ghate 
[GhaOO] for eigenforms with respect to SL2(Z) (i.e., N — 1). They proved that 
there are only 16 such identities. Ghate }Gha02] also proved that for square-free 
and f,g€ ri(-^) eigenforms of weight greater than 2, the product fg cannot be an 
eigenform when certain conditions on / and g are satisfied (note that Ghate uses 
a slightly more general definition of eigenforms than we do). Emmons |Emm05] 
classified all products h = fg, with f,g, and h eigenforms with respect to To{p) 
away from the level p, with p > 5 prime. 

In this paper we extend Ghate's result, by removing the condition that the level 
be square-free, and by also considering weight 2 eigenforms. We prove that for 
eigenforms /, g and h of level N (with no restrictions on N) and / and g each 
having weight greater than 1, there are only 61 eigenform products of the form 
h — fg. A complete list is given in Table [T] For additional observations see 
Remark 17.11 In the process we give a new proof of the level 1 case, which was 
previously addressed by both Duke and Ghate. 

Remark 1.1. Given an eigenform / of level N, f will also be an eigenform of level 
M for any M such that N\M and p\M => p\N, for p prime. Therefore an eigenform 
product identity fg = h for level N will also exist for each such level M above N. 
We count the identity only once, for the smallest level it occurs. In addition, we 
regard all scalar multiples of an identity as the same identity, and count them only 
once. 

Theorem 1.2. There are only 61 tuples {N,k,l,il;,(p), I > k > 1, such that there 
exist Hecke eigenforms f G AikiN, ip) and g e A4i{N, ip) with fg also an eigenform. 
When I > k there is one eigenform identity per tuple, and for all but four of the 
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18 tuples occurring with I — k this is true as well. In each of the four exceptions, 
there are two eigenform identities associated to the two tuples {N, k, k, (p, ip) and 
(N, fc, k, ip, (p). This results in a total of 61 eigenform product identities. A complete 
list of all identities is given in Table 

Hence the product of two eigenforms with respect to ri(A^), each of weight 
greater than 1, is never an eigenform, save for 61 exceptions. 

Corollary 1.3. There are only nine identities of the form h — fg, with f , g and 
h Hecke eigenforms of level N > 1 and with the weights of f and g greater than 2. 
These identities are given in Table\^{in addition to being distributed among the 61 
identities in Table^. These nine identities occur at levels 3, 4 and 5 and with the 
weight of f and g either 3, 4 or 5. In addition there are 16 such identities at level 
N — 1. They are listed in Table [H and Table O 

Our methods are elementary and effective, and do not rely on the Rankin-Selberg 
convolution that both Duke and Ghate use. Instead, we make extensive use of the 
multiplicative properties the Fourier coefficients of a Hecke eigenform must satisfy. 
Given an eigenform identity fg = h, either f or g must have a non-zero constant 
term, and therefore must be an Eisenstein series. The Fourier expansion of an Eisen- 
stein series / is easily determined by level, weight and Nebentypus. The expansion 
of a cuspidal eigenform, however, is not so easily determined. Using Proposition 
15.11 we are able to restrict our attention to a finite number of Eisenstein eigen- 
forms. Given a fixed Eisenstein eigenform /, we use the multiplicative properties 
of the coefficients of g and fg to uniquely determine the expansion of g term by 
term. We then examine if this expansion corresponds to that of an eigenform. All 
computations are performed in Pari-gp BBB"*"] . 



If fg € £k+i{N,ip(p), for fg to be an eigenform it is sufficient that the space 
£k+i{N.,'ipip) be one dimensional. Similarly, if fg G Sk+iiN,ipip), for fg to be an 
eigenform it is sufficient that Sk+iiN^ipip) be one dimensional. This condition is 
also necessary for level 1. All 16 eigenform product identities of level 1 occur as a 
result of dimensional considerations. One might think that this condition would be 
necessary for all levels N as well. Every product identity results in the coefficients 
of the product being given by the convolution of the coefficients of / and g. It 
seems unreasonable to expect that these coefficients would have the multiplicative 
properties needed for fg to be an eigenform, unless forced to (see Theorem 12. 4p . 

Nevertheless, we find that it is indeed possible for an eigenform product identity 
to exist for Ti{N) when the dimension of the relevant space is greater than one. 
There are only seven such identities, when the weights of / and g are both greater 
than 1. They are included in Table [71 and correspond to the presence of the function 
^k,N (see page El for an explanation of this notation). 
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2. Preliminaries 



[Dl95] . Given a function g : H ^ C and 7 = ( " ) G SL2(Z), we define tlie 



We review the definitions related to modular forms. For further details see |DS05j 

b 

weight-fc operator [7]^ by 

i9h]k){z) := (cz + d)-'=g(7(z)), 
where the action of 7 : 'H 7^ is defined as usual by 

az + b 

— — 7- 

cz + a 

The two subgroups of SL2 (Z) of interest to us are 



and 



The CMsps of a subgroup F of SL2(Z) are the equivalence classes of Q U {00} under 
the action of F. We define a modular form of weight k with respect to F to be a 
holomorphic function g : T-L ^ C satisfying 

fWfc .9 for all 7 e F, 

provided that / is holomorphic at the cusps of F (see |DS05| p. 16 for a precise 
definition of this last condition). A modular form g with respect to Fi(A^) will have 
a Fourier expansion of the form 



5(2) = ag(n)g", where q = 



27Tiz 

ig\ii)q , wiit'ie q = C 

n=0 

The space of modular forms of weight k with respect to F is denoted by Mk(r)- 
A cusp form with respect to F is a modular form that vanishes at every cusp of F. 
The subspace of cusp forms is denoted by 5fe(F). The Eisenstein subspace £fe(F) is 
the orthogonal complement of iSfc(F) in J\4k{T), with respect to the Petersson inner 
product. We have the decomposition 



Definition 2.1. A Dirichlet character x mod iV is a homomorphism x '■ (Z/A^Z)* 
C*. We typically view x as a function from Z — >■ C. This is done in the natural 
way by taking xC*^) — when (A^, n) > 1. Given a multiple M of N , the character 
X mod A^ gives rise to a character x' mod M by 



x'(«) 




(M,a)-1, 
{M,a) > 1. 



Note that x' is determined completely by x and the primes dividing M that do not 
divide A^. If M consists solely of primes dividing A^, then x' and x are identical 
when viewed as functions on Z. We call a character primitive if it does not arise 
from another character of smaller modulus. The conductor of x is defined to be the 
modulus of the primitive character that gives rise to Xj and is denoted by Thus 
a character x mod A^ is primitive if and only if — N. We write 1^ to denote the 
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trivial character defined modulo N. Note that Ijy is primitive only when N = 1. 
A character x is even if x{~l) — 1 and odd if x(^l) = ^1- 

We are frequently only concerned with viewing Dirichlet characters as functions 
on Z, and will consider two different characters xi mod A^i and X2 mod N2 to 
be equivalent if they give rise to identical functions on Z. This will happen when 
Xi and X2 both arise from the same primitive character x, and any prime p that 
divides A^i divides N2, and vice versa. 

Due to the number of different Dirichlet characters used in this paper, we require 
a standard way to represent them. Note that the group of Dirichlet characters 
modulo N is isomorphic to (Z/iVZ)* ( [Was97| . p. 22.), and so will be cyclic if N is 
a power of an odd prime. For odd g > 3 a prime or power of a prime, let 1 < 6 < g 
be the smallest generator of the group (Z/qZ)*. We define Xq^i to be the character 
modulo q uniquely determined by 

X,,i(&)=e2W0(9), 

where 4> is Euler's totient function. For j — 2, . . . , q — 2, we define Xq j •= i- 
addition, we define X3? X4 and X12 to be the unique primitive characters defined 
modulo 3, 4 and 12, respectively. Finally, we define Xg 1 to be the character modulo 
8 determined by Xg i(5) — Xs iC'') ~ Xs 2 to be the character modulo 8 

determined by X8,2(3) = X8,2(5) = -1- 

The Hecke operators are a family of linear self-adjoint operators that diagonalize 
the space A^fe(ri(iV)). For n mod N and / S A^fc(ri(A^)), the operator (n) is 
defined by 

{n)f = fb]k, 

where 7 = ^ is any matrix in ro(A^) such that d = n (mod N). Given a 

Dirichlet character x mod N, we define the x-eigenspace of 7Wfc(ri(A^)) to be 

Mk{N,x) ■■= {/ e MkiTiiN)) : {n)f = x{n)f Vn e (Z/iVZ)*}. 

When / e Aik{N,x), f is said to have Nebentypus x- We have the orthogonal 
decomposition according to Nebentypus, 

Mk{ri{N)) = ^Mk{N,x), 

X 

where x runs through all Dirichlet characters modulo N such that x(^l) = (^l)'^- 
Observe that MkiN,lj^) = MkiToiN)), and MkiN,x) = {0} if x(-l) ^ (-I)''- 
We define £k{N, x) and Sk{N, x) analogously to Mk{N, x)i and have the orthogonal 
decompositions 

Sk{Ti{N))=@Sk{N,x) and £k{T,{N)) = @ £k{N ,x)- 

X X 

For p prime, the Hecke operator Tp can be defined by its action on the Fourier 
expansion of f{z) = J2'^=o^f(^)l^ ^ '^k{N,x)- We have 

00 

Tpf{z) = Y.(^f{np)+x{p)p''''af{n/p))q\ 

n=0 
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Note that here and elsewhere, af{n/p) is taken to be zero ii p\n. Further Hecke 
operators are defined in terms of Tp and {p) by 

Tpr = TpTpr-1 - /-i(p}rp.-2 for r > 2 

and 

^« = n^P^ where n = [|p;=\ 

i i 

For f{z) — X^i^o ^ Mk{N, x) ^nd arbitrary n we have 

(2.1) aT„/(™) = X{d)d^^^af{mn/S). 

d\{ni,n) 

Definition 2.2. We say that / e M.k{^i{N)) is an eigenform if it is an eigenvector 
for every Hecke operator T„ and (n) . Note that we do not require n to be relatively 
prime to the level N. 

Definition 2.3. We say that a modular form f{z) = X^J^Lo '^/(^)'?" normalized 
if a/(l) = 1. Note that all Eisenstein series used will be normalized in this way as 
well, except where otherwise noted. 

If / is an eigenform, then for every Hecke operator T„ we have from (|2.ip that 

aT„/(l) = af{n) = A„a/(1), 

for the eigenvalue A„. Thus if / is not normalizable, i.e., if a/(l) = 0, then f(z) = 
af{0). Therefore every non-constant eigenform is normalizable. 

When the space Sk{^a{N)) is one dimensional, we denote the unique normalized 
cuspidal eigenform by A^jy. When Sk{N,x) is one dimensional, we denote the 
unique normalized cuspidal eigenform by Ak^N,x- 

Occasionally we will need to reference a specific eigenform in the space 5^ (Fq (iV) ) , 
when iSfe(Fo(-/V)) is not one dimensional. In each such instance, there will be only 
one eigenform in the space Sk(ro{N)) that we reference. We write ^k.N to de- 
note this specified normalized eigenform, and provide a partial Fourier expansion 
to identify ^k,N uniquely. See page [22] for a list of the ten ^k,N used, along with 
their corresponding expansions. 

We define the Eisenstein series E^'''^ (normalized slightly differently than in 
[DS05] . p. 129) by 

^ CSO 

n=l 

where 5{il)) — \ ii il) — and otherwise, and 

at:f,{n)^Y.^{n/d)v{d)d^-\ 

d\n 

For '0 and primitive characters modulo u and v, respectively, satisfying tpip^—l) = 
(—1)*^, we have i?^'' G £k{uv, tpLp) (except when k = 2 and — Lp — li). Moreover, 
for such characters, E^' will be an eigenform (see [DSOSj . p. 173). Note that E"^" 
will be a modular form for certain non-primitive characters V' and Lp as well. When 
k = 2 and p is prime we have the special Eisenstein series defined by 

E\-^^'{z)-pE\^-^^{pz)^E2{p,\p) 
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(see |DS05] p. 133). Observe that this function is equal to eI^'^''{z). We will 
make use of E^' ^ with non-primitive characters ip and ip only when E"^" ''^ is a 
genuine eigenform. For example, E2^'^^{z) — E2^'^^{z) ~ E^'^'^'^ {2z) is an eigenform 
in f 2 (4,14). 

Theorem 2.4 ('DS05', p. 198). A normalized modular form f{z) — Yl^=a 0'f{n)q^ £ 
A4kiN,x) is 0,1^ eigenform if and only if the Fourier coefficients a,f{n) satisfy the 
following two conditions: 

(2.2) Ofip'') = af{p)af{p'-^) - x(p)/"^a/(p'^-2) p prime, r > 2, 

(2.3) af{mn) = af{m)af{n) if {m,n) ~ 1. 

Theorem 2.5 ( |DI95j . p. 115). Let f{z) — X^J^o '^/('^)'?" ^ normalized eigen- 
form. Then the coefficients af{n), except for possibly a/(0), are algebraic integers 
in some number field. 

We will make use of Sturm's theorem to verify potential eigenform identities. 

Theorem 2.6 ( |Stu87| . p. 276). Let m he a prime ideal in the ring of integers O 
of some number field. Let f,g (z A^fc(ri(iV)) have Fourier coefficients in O. If 

af{n) = ag{n) [mod m) for all n < M 

then f = g {mod xn), where 

p\N ^ 

Corollary 2.7. Let f,g € A^fe(ri(A^)) have algebraic integer coefficients. If 

f{z)~g{z) = + O{q''), 

then f = g, where M is given in p.4p . 

Thus to verify a potential eigenform identity fg = h, it suffices to check that 
f{z)g{z) - h{z) = + 0{q'^'), where M is given in (j^ . This is a finite time 
computation, which we perform in Pari-gp. 

3. Properties of Generalized Bernoulli Numbers 

The Bernoulli numbers Bn are defined by 

t °° in 

n—O 

The von Staudt-Clausen theorem states that for positive even k the denominator 
of Bk is the product of all primes p such that {p — l)|fc. Note that for odd k > 1 
we have Bk = 0, and that Bi ~ —1/2. 

Definition 3.1 ( |DI95] . p. 44). Given a Dirichlet character x mod N, not neces- 
sarily primitive, the generalized Bernoulli numbers Bn,x are defined by 

Z^x(a)^]vr^ = Z^^",x;^- 

a— 1 n—O 

Note that if x — ^i? then B^^^ = (except when k — 1). 
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The generalized Bernoulli numbers Bk,x arise in conjunction with modular forms 
due to the fact that 

L{l-k,x) = -Bk,x/k for fc > 1. 

Hence we have 

R oo 

(3.1) E.^^'^iz) = -m^ + E ^^^^1 

n=l 

For primitive x mod N we have 

(3.2) Bfe,, = f EE (J)x(«)B./>'=-. 

a=l i=0 ^ ^ 

For details see |Was97l p. 32. Recall that x mod N is primitive if and only if 
fy^ — N . For non-primitive x mod N , the value of B^^^ is given by 

(3.3) i?,^x = i3fe,;,^^n(l-^o(p)/"')- 

where Xq is the primitive character associated to x (see [Was 97] . p. 206). If x is 
even and k is odd, or vice versa, then B^^^ = (except when fc = 1 and x — Iw)- 
Note that the converse is true for fc > 1. From p.3p we see that l-B^.^I > l-^fe.Xol 
when k > 2. 

Proposition 3.2. Let f(z) = Si^o ''/("')'?" ^ ■M-k{N,x) be a normalized eigen- 
form with ay(0) ^ 0, where x rnod N is not necessarily primitive. Then f — E^'^'^ . 

Proof. If an eigenform / G A4k{N,x) with a/ (0) 7^ is normalized so that a/(l) = 
1, then 

a/(n) = Ex(d)rf''"^ for n > 

d\n 

(see |DI95| . p. 54). This implies that there is at most one normalized eigenform with 
non-zero constant term in A^j.(iV, x)- If X is primitive then is a modular form 

(and an eigenform), and thus / = E^}'^. So we consider a non-primitive x mod 
N. Let Xo be the primitive character associated to x and let A^i be the product of 
all primes dividing N but not Consider the eigenforirQ^ — eI^'^° G £k{fx^ Xo) 
(hence ag{n) — Xo('^)'^'^^^ fo^' > 0). Now consider the modular form 

(3.4) hiz) = E liid)xoid)d''-'9idz) 

d\Ni 

where /i is the Mobius function. Observe that h e £k{Nifx,x')i where x' is X 
viewed modulo fx^i (note that x' and x are identical as functions on Z). We have 

ah{n) = E l^id)Xo{d)d''-^ag{n/d). 

d\Ni 

*If k = 2 and x = Ijv then g = Bj^'""^^ is not a modular form, but the linear combination given 
in 1 13.41 1 nevertheless is. To see this let p be a prime dividing A^i. Observe that 

J2 f^Wd'"'^ E^^'^^ (dz) = J2 fJ.(d)d''-'^El''^''{dz), 

d\Ni "l 

p 

and note that £^2^' i-^) ~ ^2^ '^^(-^) ~ '""^^ (P-^) is a modular form. 
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From this we see that if {n,Ni) — 1 then ah{n) — ag{n). We will show that h is 
an eigenform by showing the coefficients ah{n) satisfy the conditions of Theorem 
2.41 We take n > and write n = mM, where m is the largest divisor of n 
relatively prime to iVi. Thus (n, A^i) = 1, and p\M ^ p\Ni. We first show that 
ah{mM) — ag{m). We have 



d\Ni 



im)J2^,id)xoid)d'-'ag^^) 

J I ji r N / 



d\AI 

since (m, d) = I when d\Ni (here we use the multiplicative properties of ag{n) given 
in Theorem 12. 4p . We want to show that the arithmetic function 

p{M) ■.= J2t^{d)Xoid)d''-'ag{M/d) 

d\M 

is identically 1. The function ^{n) — /i(n)xg(n)n'^~^ is multiplicative, as well as 
ag{n). Observe that p is the Dirichlet convolution of v and ag, and is therefore also 
multiplicative. Thus to show p — 1, we need only observe that p(p') = 1 for any p 
prime and I > 1. We have 

p{p')^ag{p')-XoiP)p'-'<^9ip'-') 

I /-I 

i=0 1=0 

Therefore we have ah{mM) — ag{m). From this we see that the coefficients 
a/i (n) satisfy both conditions of Theorem 12.41 Thus h is an eigenform. Since 
h G M-kifx^iTX') is an eigenform with non-zero constant term, we have ah(n) = 
J2d\nX'id)d''~^ = J2d\nXid)d''~^, when n > 0. The value of 0/^(0) is given by 

d\Ni p\Ni 

Therefore h = El''^. □ 

Proposition 3.3. Consider a non-trivial character x niod N of order m {i.e., 
X™ = Iw)- V ™2 let K he the number field generated by the values of xio), then 
K = Q[C„J, where = g^'^'/"'. Therefore Bk,^ G Q[C,„]- More specifically, we 
have that f^Bk,x/k is an algebraic integer (see [Car59j . p. 176), i.e., 

(3.5) f^B,Jk&Z[CJ. 
For even x with f^ odd we have {see [Car59j . p. 182) 

(3.6) Bk,x/k = {mod 2). 

Proposition 3.4. Let k > 2 and x niod f^ be a primitive Dirichlet character such 
that x(-l) = (-1)^ We have 

2^fc!(27r)-V^^/^ < < 2am{2n)-'^ f^-'/\ 
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Proof. The functional equation of i(s, x) can be written as 
(3.7) i(i_s,x) = 47^cos^— ^ £ U(s,x), 



t(x) V 2 ;V27r, 
(see |Was97) . p. 30) where 5 = if x(-l) = 1, 5 = 1 if x(-l) = -1, and r(x) 
So=i xC'i)^^''*"^''^'' is the Gauss sum of x- We make use of the fact that 

k(x)l = \/%, 

Hs,x)=l[il-xip)p'T' for Re(s)>l 
p 

and 

L{l-k,x) = -Bk,x/k for fc > 1. 
We set s = fc in (13.71) and take the absolute value to obtain 



\BkJ = 2kl{2nr'^f^-^/'l[\l-x{p)p- 



p 



We bound the term |1 — x{p)p ^\ ^ using 

{i+p-")-' < \i-x{p)p-'r' < a-p-")-', 

and observe that 

(^+p ) - (i-p-^r^- 

We use the Euler product formula for the Riemann zeta function, 

C(s) =n(l-P"')"' foi- Re(s)>l, 
p 

to obtain lower and upper bounds for the entire product. We have 

c(2fc)/c(fc) < n ii - x(p)p"'r' < c(fc). 
p 

The inequalities follow directly from this. □ 

Proposition 3.5. There are only 41 pairs (fc, x) with fc > 2 such that 2k/Bk,x '^^ 
an algebraic integer (x not necessarily primitive). A complete list along with the 
corresponding integral values of 2k/ Bk.^ is given in Tables[ll\M o-nd^^ 

Remark 3.6. Note that here we are viewing x mod as a function on Z, rather 
than a function on (Z/A^Z)*. So if the characters x and x' define the same function 
on Z, then we consider the pairs (fc, x) and (fc, x') to be the same. For example, 
X3 and Xg 3 are the same function on Z, but have different moduli. The pairs 
(fc, X3) and (fc, Xg 3) are fundamentally the same, and give rise to the same value of 
2k/Bk,x- 

Proof. We first consider the case where x = li- Recall that for fc > 1 we have 
Bk,i-^ = Bk. It is known that 2k/ Bk is an integer only when fc £ {1, 2, 4, 6, 8, 10, 14}. 
This can be seen from the upper bound on 2fc/_Bfc i^ implied by Proposition 13.41 
The six fc > 2 such that 2k/Bk.i_^ is integral yield the values contained in Table [T] 
We now consider the case where x = Ia^- From p.3p we have 

^^j^ rid 
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Table 1. 



= 24 



B4- 



= -240 



12 



= 504 



16 



= -480 



20 



= 264 



28 



= 24 



If 2fc/i?i. 1^ is integral then 2fc/_Bfc 1^ must also be integral, and so we have k G 
{2, 4, 6, 8, 10, 14}. The function 1^ depends only on the primes dividing N, so with- 
out loss of generality we take N to be square- free (see Remark l3.6p . An inspection 
shows that if iV > 1 and k G {4, 6, 8, 10, 14}, 2k/Bk,x^ will not be an integer. To 
see this observe that if p > 11, then |1 — p^~^ \ > 504 for fc > 4. Checking the finite 
number of pairs {k, 1^) not covered we see that 2k/Bk,x^ is never integral. So we 
restrict ourselves to the case k = 2. We have 

4 _ 24 

There are a total of 17 (square-free) values of TV > 1 such that 4/^2, i^^ is an integer. 
The values are given in Table [5J 



Table 2. 



4 _ 


24 


4 


= -12 


4 


= -6 


4 


= 12 


4 _ 


-4 


-82,12 


^2,1^ 


-82,15 


S2.1B 


^2,1^ 


4 


6 


4 


-2 


4 


= 4 


4 


= 3 


4 


2 








-82,l^j- 




4 _ 


2 


4 


= -3 


4 


= 1 


4 


= 1 


4 _ 


-2 








^2. lag 


-^2,142 


4 


-1 


4 


= -1 














B2,iro 


B2,l78 















We now consider the case where x mod is a primitive non-trivial character. 
For any a £ Gal(Q/Q), we define x"^ to be the character modulo f-^ determined by 

X"(a) = a(x(a)). 

Note that x'' will be primitive if x is primitive. From the representation of Bk^^ 
given in p.2p we see that 

f {Bk.x) = -Sfe.x" ■ 

If 2k/Bk.x is an algebraic integer, then so is a{2k/Bk,x) — "^k/Bk^x" every 
(7 E Gal(Q/Q). Given an algebraic integer f3, if the absolute value of every Galois 
conjugate of /3 is less than 1, then Af{(3) < 1, and thus /3 = (here Af denotes 
the absolute norm). Therefore, if 2k/Bk,x is integral, then there must exist a 
a e Gal(Q/Q) such that \a{2k/Bk,x)\ = \'^k/Bk,xA'> 1- 
For positive integers k and f^, we define 

c(2fc)(fc-i)!/r^/^ 

^'^'^^^ C(fc)(2^)^ 
From Proposition 13. 4[ if x is primitive and of the same parity as k > 1, we have 

Bk,x 
2k 



C{kJx) < 
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Note that for fixed k, C{k,fx) is strictly increasing as a function of f^- We are 
interested in finding pairs {k,f^) such that C{k,f^) > 1. Given such a pair, we 
see that 2k/Bk.x will not be integral for primitive x- We have C(k,fx) > 1 when 
fx>^ and k > 7. Note that if x is non-trivial, then > 3. Thus if fc > 7 and x 
is non-trivial, 2k/Bk^x ^^^^ '^'-'^ algebraic integer. 

We also have C(fc, /^) > 1 when > 16 and 2 < k < 6. Thus there is a finite 
list of weights k {2 < k < 6) and characters x mod (/;^ < 16) to check where 
2k/Bk^x could potentially be an algebraic integer. We use Pari-gp to perform the 
computations of the values of 2k/Bk^x- find a total of 18 integral values, given 
in Tabled Note that Cg = e''*/^ 



Table 3. 



4 


= 5 


4 


= C6 + 2 


4 _ 




-3 




•'■^7,2 




4 


= 2 


4 _ 


-C6 + 2 


4 


C6 + 


1 


''•^8,2 


■^9,2 


S2 -v^ 

'''9,4 


4 


= 1 


4 




4 




- 1 








4 


= 1 


6 


= 9 


6 


= 4 






B3 ^ 








6 _ 


--2-i 


6 


= 2 + i 


6 _ 




- 1 




'^^5,3 


■'^7,1 


6 


= C6 


8 


= -1 


10 


= -3 








Ss V " 





Finally, we consider the case where x mod iV is a non-primitive, non-trivial 
character. Let Xo be the primitive character associated to x- If '^k/ Bk ^ is integral, 
then 2k/Bk.Xg must also be integral. Therefore we can restrict our search to the 
18 pairs (fc, Xq) given in Table[3] Let 1/ — 2k/ B^^x^ one such integral value. We 
want to eliminate the possibility that 

V 

^ (l - XoiP)p'-') 

is an algebraic integer, for a prime p dividing N but not f^- Note that the largest 
possible value of is 9. Therefore, if p > 11 then {vpl < 1 (and likewise for all 
conjugates of I'p). Thus i//(l — Xo{p)p'^~^) cannot be an algebraic integer. All that 
remains is to check the value of when p G {2,3,5,7}, for each of the 18 pairs 
{k,Xo)- An inspection yields no additional pairs (fc,x) with 2k/ B^^^ integral. □ 

4. Proof Preliminaries 

The proof of Theorem 1 1 . 2 1 naturallv splits into two cases. We need not consider 
when both / and g have Fourier expansions starting with q, for in this case the 
product fg will have a Fourier expansion starting with q^, and therefore cannot 
be an eigenform. So without loss of generality we assume that / has an expansion 
with a non-zero constant term. We consider the case where the constant term in 
the expansion of g is zero and the case where the constant term of g is non-zero. 
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Case 1. Let 

oo 

,f{z)^^af{n)q" £Mk{N,iP), a/(0)^0 and 

oo 

Case 2. Let 

oo 
oo 

Theorem 4.1. There are only 55 tuples {N,k,l,tp,Lp), k,l > I, such that there 
exist f and g eigenforms conforming to Case Q] with fg also an eigenform. There 
are a total of 55 such eigenform identities, with one per tuple. 

Theorem 4.2. There are only seven tuples {N^k,l,il:,ip), I > k > 1, such that 
there exist f and g eigenforms conforming to Case [H with fg also an eigenform. 
There are a total of six such eigenform identities, as the identity (|6.13l) corresponds 
to two separate tuples. 

These 61 eigenform product identities account for all eigenform identities h ^ fg 
with /, g and h eigenforms with respect to A^(ri(iV)) of weight greater than 1. 

5. Proof of Theorem 14.11 

We assume that /(z) = J2^=oO-fin)q"- g MkiN,^), a/(0) ^ and g{z) — 
XlS^o '-"■9" ^ -^((-^7 f), Co = are eigenforms with k,l > 1, and that the product 
fg € Mk+i{N,tpip) is also an eigenform. Both -0 and ip are defined modulo N, not 
necessarily primitive. Without loss of generality, we normalize g so that ci — 1 (as 
usual) and / differently, so that a/(0) = 1. From Proposition 13 . 21 we have 

/(-) = -^El-\z) = 1 - ^ E -.^-f (n),". 
Throughout Section [5] we use 



2k 

rp^p'^^Vb) and Sp^p^^^ip{p) 



Bk.ip ' 

for p prime. Using u and r^'s, the expansion of / is given by 

f{z) = l+uj[q+{l + r2)q^ + (1 + r:,)q^ + (1 + + r^q"" 

+ (1 + r5)q^ + (1 + r2)(l + r;)q'' + (1 + 7^7)9^ + • • ■ 

We write the normalized eigenform g{z) — J2'^=i '^n<l" as 

g{z) = g + cag^ + czq^ + {cj - S2)q* + c^q^ + czCgg^ + cyg^ 

+ (cl - 2s2C2)q^ + [cl - S3)q^ + csCgg^" + cng" + • 
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using the multiplicative properties of the coefficients Cn given in Theorem 12 .41 The 
product fg has the expansion 

f{z)g{z) = q+{LJ + C2)q^ + (cj(r2 + ca + 1) + cz)q^ 

+ (w(r2C2 + r3 + C2 + C3 + 1) - S2 + c^)q'^ + • ■ • . 

Proposition 5.1. Given an eigenform g{z) — X^i^i*^"?"' ^■s eigen- 

form with k > 1, then (k, ^) is one of the 40 pairs in Table\^ 



Table 4. 



(2,l2) 


(2,13) 


(2,15) 


(2,l6) 


(2,17) 


(2,lio) 


(2,ll3) 


(2,ll4) 


(2, lis) 


(2,l2l) 


(2, 126) 


(2,130) 


(2,135) 


(2,139) 


(2,142) 


(2, 170) 


(2, Its) 


(2,X5.2) 


(2,X7,2) 


(2,X7,4) 


(2,X8,2) 


(2,X9,2) 


(2,X9.4) 


(2,Xi2) 


(2,Xl3,4) 


(2,Xl3,6) 


(2,Xl3,8) 


(3,X3) 


(3,X4) 


(3,X5.i) 


(3,X5,3) 


(3,X7,i) 


(3,X7.5) 


(4,li) 


(4,X5.2) 


(5,X3) 


(6,li) 


(8,li) 


(10, li) 


(14, li) 



Proof. From Theorem 12.51 we see that the coefficients C2 and w + C2 of q^ in the 
Fourier expansions of g and fg, respectively, are algebraic integers. Therefore 
uj = —2k/Bk,ip must be an algebraic integer. From Proposition 13.51 there are 41 
pairs (fc,-0) such that — 2fc/_Bfc.^ is integral. We exclude the pair (2, Ij^), as E^^'^^ 
is not a modular form. □ 



This is a key result that allows us to restrict our search for eigenform identities to 
a finite number of eigenforms /, thus making explicit effective calculations possible. 

1 

Our goal is to determine the expansion of g, given / = E^^^' (having fixed the 
pair (fc, ij))). Using Theorem l2.4[ c„ is determined in terms of Cp and Sp, for primes 
p dividing n. Note that Sp is given by 

To determine the values of Cp and Sp, it suffices to determine C2 and S2. We have 



1 



n=l 



Therefore we have 



Ln+l 




Solving for c„ we obtain 



(5.1) 



1 



«/(l) 



Cn+l 



^c,a/(n+ 1 -i) 



Let p > 2 be prime, so that p + 1 is composite. Observe that equation (15. ip 
determines Cp uniquely in terms of c„'s with n < p, since we can express Cp+i 
and dp+i in terms of previously determined Cj and dj using their multiplicative 
properties. Note the one exception to this: if p = 3 then C3 is given in terms of 
C4 = (c2)^ — S2, and hence we must know the value of either S2 or C4 to determine 
C3 . Using (|5.ip we can similarly determine Cp2 , and thus determine Sp . 
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Therefore, given knowledge of C2 and S2, we can determine the expansion of g 
to any desired precision, and then check if that expansion corresponds to a known 
eigenform. If g is an eigenform, we then identify the expansion of fg with a known 
eigenform h, and verify the identity h = fg using CoroUarv 12.71 

We now must determine the values of C2 and S2 ■ To this end, we derive relations 
from the coefhcients of the product 

oo 
n=l 

using the multiplicative characteristics set forth in Theorem 12.41 For every com- 
posite index we obtain a relation from one of the following, 

(5.2) dpT- = dpT-idr — tp{p)(p{p)p'^'^''~^ dpr~2 = dpr^id,. — prpSpdpr-2, 

(5.3) dmn = dmdn for (to,7i) = 1. 

The following are a few examples of the relations generated from (|5.2p and (|5.3p . 
From rf4 = d| - ip{2)ip{2)2''+^-^ ^ dj - 2r2S2 we have 

(5.4) + uj{—r2C2 - ra + C2 — C3 - 1) — 2r2S2 + S2 — 0- 
From ~ ^2^3 we have 

^{r2 + C2 + 1) + r2(-r2C2 + S2 - cl) - r^cs - + S2 - C5 - 1 = 0. 

From ds — did2 — i/'(2)i^(2)2''+'^^(i2 — ^4^2 — 2r2S2'^2 (and subtracting a multiple 
of (|5.4p ) we obtain 

uj{r2C2 + rs + C3 + 1) + r2{r2S2 - r2cl - riC2 - S2 + cl ~ C2C3 - C2) 
+ r3C2 - r3C5 - r5C3 - rr + C2C3 + C2 - C3 - C5 - C7 - 1 = 0. 

To determine the values of C2 and S2 it is convenient to consider the cases 2\N 
and 2\N separately. There are 12 pairs (fc,-!/') in Table[4]such that the modulus of 
ip is even, and 28 pairs such that the modulus of ^ is odd. 

Case A. Assume that 2|A. Fix a pair (fc,-0) from Table [H We have r2 = S2 = 0. 
We combine equations generated by (|5.3p and (15.21) to eliminate C3, C5, cj and S3, 
resulting in an equation determining C2 in terms of rs, and rr. The key point 
is that these values are known to us since we have fixed {k, ip). We have 

(5.5) UJcl + j2cl + jiC2 +jo=0 

where 

j2 = -w^ + w(-2r3 + r5 + 2) + 3r| + 5r3 - 2, 

ji = -cj2 + w(-3r3 - 2r2 + 3r3(r5 + 5) - 2r5 + - 1) 

+ 3r;* + 5r| - 6r2(r5 - 8) + r3(-r5 + Sr^ - 4) + - + 2, 

jo = oj^ + u^iAr'l + 2r3 - - 4) 

+ uj{34 + rl- 6rj{r5 - 12) + r3(4r5 + Srj - 4) + - 2rr + 5) 

- 3r3^ - 8r| + ri^(9r5 + 6) + rl{l2r5 - Gry + 11) 

+ r3(-3r2 - 2r5 - Arj + 2) + ~ rs + 2r7 - 2. 

We compute the roots of (|5.5p . and reject any values of C2 that are not algebraic 
integers. Since the degree of (|5.5p is three, this computation is straightforward. 
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Case B. Assume that 2\N . Again fix a pair [k, ip) from TablelH Because r2, S2 
0, we cannot (readily) determine C2 in terms of w and r^'s. Instead we use a similar 
technique to determine an equation for S2 in terms of lo and rp's. A valid root 
must have absolute value equal to a power of 2, so an approximation of the roots 
suffices. Given S2, we can then determine C2. The number of terms involved makes 
determining a general explicit equation for S2 in terms of arbitrary uj and rp's, 
comparable to (|5.5|) . infeasible. We can, however, determine the desired equation 
when we specify the values of lo and rp (since we have fixed the pair (fc, ^p)). The 
computations performed in Pari-gp make the tedious analysis manageable. 

A sample computation for the pair (4, Xg 2) proceeds as follows. The expansion 

of / = E^^'^^'^ is given by 

f(z) ^l + q-7q^ ~ 26g3 + STg* + + I82q^ - 342g^ - 455q** + . . . . 

We combine equations generated by (|5.3p and (|5.2p to determine S2 in terms of w 
(w ~ 1) and Tp's {rp = p^Xz 2ip))- We obtain 

99087935063204566214333650689s^ 

-67434618152750201935011318780202519s^ 

- 3211981798005864589171925392072553005664 

+48653889047087665337770262087432529304260s^ 

+201755568573332727994250768550108673322824s^ 

+964913422494459744168713013983828839115872S2 
+ 1517172696034976766554753118494080984058880 = 0. 

Of the six roots of this equation only one has absolute value equal to a power of 2, 
namely S2 = —2. With the value of S2 known, we compute that C2 = 1. With these 
values determined we can now compute the expansion of g uniquely to any desired 
precision. We find 

g{z) = q + q^ + 2q^ + 3q* + 5g^ + 2q^ + 6g^ + 5g^ + . . . , 

and observe that this expansion seems to correspond to that of E2 ^'^ ■ We now 
observe that 

(5.6) A6,5=i?!"''"-^^2''"''' 

seems to hold true, and verify this identity via Corollary 12.71 With this identity 
verified, we now have confirmation that the expansion of g must agree exactly with 

that of £2^-^' ^ , and that ()5.6p is the sole identity for the pair (4, X5 2)- 

Remark 5.2. When iV = 1, there are only 12 identities. The proof is given in 
[Duk99| or [GhaOO] . Note that the method used here provides a different proof. 
The identities are given in Table [S] 

We find nine identities in Case A and 46 identities in Case B. Therefore, there 
are only 55 identities that conform to Case [T] A complete list can be seen among 
the 61 identities given in Table [T] 

Remark 5.3. Note that the obstruction to proving Theorem 14. II for the case where 
/ has weight 1 is our inability to show that there are only finitely many ijj such 
that 2/i?i_^ is an algebraic integer. This in turn is due to the lack of a sufficiently 
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Table 5. 





Ai8,i = -504Sgi'^i ■ Ai2,i 




A2o,i = 480£;gi'^i • Ai2,i 


A22,l = 240^4^'^^ • Ai8,i 


A22,i = -bOAEl' "-' ■ Ai6,i 


A22,i = -26AeI'/' ■ Ai2,i 


A26,i = 240£;^'^^ ■ A22,i 


A26,i = -50AeI"^' ■ A2o,i 


A26,i = 480£;8^'^^ • Ai8,i 


A26,i = -264Si(i''i • A16.1 


A26,i = -24Sil''i • A124 



strong lower bound for depending on We hope to return to this case in 

a subsequent paper. Note that nowhere in the proof do we require that the weight 
of g be greater than 1. The method used here easily covers the case where g has 
weight 1. 

6. Proof of Theorem 14.21 



We assume that f{z) ~ J2^=o^f(''^)l"' ^ -^kiN,^), a/(0) ^ and g{z) = 
X]^oag(«)9" S Mi{N,(f), ag{0) ^ are eigenforms, I > k > 1, and that fg £ 
Mk+i{N,^pip) is also an eigenform. Both tp and (p are defined modulo N, not 
necessarily primitive. We split the proof of Theorem 14.21 into eight propositions 
fProDOsition lG. II through [ 6.8p . Unlike the proof of Theorem 14. 11 we use a variety of 
ad hoc methods to resolve each case. Frequently, for a given case, we will reduce the 
potential pairs {l,(p) to a finite number of possibilities, and then determine {k,ip). 
Without loss of generality we normalize / and g as usual, so that the coefficient of 
q is 1. From Proposition 13 . 21 we have 



/ = £;^'^ and 9 = Ef^'r 
Throughout Section IH] we use 

2k ' ^ 21 ' ^ 2{k + iy 

along with 

Tp = p'^" and Sp = p'" V(p) 

for p prime. Using this notation wc write 

f{z) =a + q+{l + r2)q^ + (1 + ra)^^ + (1 + ra + r^g^ + . . . 

and 

g{z) = /3 + q+{l + S2)q^ + (1 + ss)?^ + (1 + S2 + sl)q'^ + ■■■ . 
The product fg has the expansion 

(6.1) f{z)g{z) = a/3 + (a + I3)q + (l + a{l + S2) + /3(1 + rs))^^ 

+ (/3(1 + rg) + a{l + S3) + 2 + r2 + S2)q^ + ■■■ . 

From Proposition 13.21 we know that fg must be a multiple of eI.]^^^''^ (z). From 
()6.ip we can see that this multiple is a + /3. Therefore the only possible eigenform 
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identities must be of the form 



3.2) 



Bk,if> B, 



E 



k+l ■ 



2k 21 

The expansion of (a + /3)E^]^^'^ is given by 

(6.3) (a + ml+^'^i^) = 7(a + /?) + (« + /3)<Z 

+ (a + /3)(l + 2r2S2)<z2 

+ (a + /3)(l + 3r3S3)(?3 + ... . 

We equate the coefHcients of in (16. ip and (16.31) . for m = 0, 2, 3, 4 and 8. After 
simphfying we obtain, respectively, 



(6.4) 
(6.5) 
(6.6) 
(6.7) 



7(a + 13) 
2r2S2ia + l3) 
Sr^ssia + 13) 
Arlslia + I3) 
8rlsl{a + P) 



a/3, 

1 + as2 + I3r2, 

2 + as3 + I3r^ - 

3 + asl+ (3rl - 



r2 
r2 



S2, 

- S2 



r2S2 +r3 + S3, 



4: + asl+ I3rl + rl{sl +S2 + l) + s\{r2 + 1) 
+ ^2(^3 + r3S2 + S2S3 + 2.S2 + S3 + 2) 

+ S2(r3 + S3 + 2) + r3(s5 + 1) + r5(s3 + 1) 
+ f"? + S3 + S5 + .57, 

(to obtain (|6.7p we subtracted (|6.6p . and to obtain (|6.8p we subtracted (|6.6p and 
(|6.7p ). We now combine (|6.5p . (|6.6p and (|6.7p to ehminate a and r3, resuhing in 
an equation determining r2 in terms of /?, S2 and S3. After dividing by the factor 
2r2 — 1 we have 



(6.9) 
where 



'jir2 +jo = 0, 



j3 = /32 (4s2-2s2(3s3 + l)+3s3), 

J2 = (-4s3 + 12s2s3 + S2(l - 6S3)) 

+ (3 {2sl - S2(9s3 + 2) + 6S3) + 2s2, 
ji (2s3(l-3s3) + s2(3s3-l)) 

+ 13 {sl{9s3 - 1) - S2(10s3 + 3) + 3sl 
+ 2s^ + 3s2(l - S3) +3s3, 
jo = /3s2(2 - 3s^ - 5s3) - sj - 2s2 + 3s2 + 7S3. 



7s3) 



Proposition 6.1. Assume that N — 1. There are only four eigenform identities 
of the form (|6.2p . They are given in Table [H 

Table 6. 



eI^'^^ = 1 20^:4^'^^ • eI^-^^ 


eI'„^' ^ 5040/11^4^'^^ ■ eI'-^' 


eI'/' = 2640£;4^'^^ -eI^'^' 
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Proof. See either Duke |Duk99] or Ghate jGhaOO] . Note that the normahzation we 
use here is different than what Duke and Ghate use. Writing 

Ek{z) = -^Ey^iz) = 1 - ^ E ^'^-iW'?" 

■ 1 n—l 

we obtain the famihar identities 

Es — EI, EiQ = E4EQ, Ei4 = E4E10 and E14 = EqEs- 

For an elementary but less elegant proof than the one given in [GhaOO] , one can 
use (|6.4p and argue that 

{k + l)BkBi 
IBk + kBi 

with / > /c, is only true for the pairs of weights 

(fc,0e{(4,4),(4,6),(4,10),(6,8)}. □ 
Proposition 6.2. Assume that 2\N . There are no eigenform identities of the form 

(E21). 

Proof. If 2|A^, then r2 ~ S2 — 0, and (|6.5p would result in a contradiction. □ 

For the remainder of this section we assume that the level is odd. We have 

|r2|=2''^-i and |s2| - 2'-^. 

Thus equation (|6.9p gives us a straightforward way to determine if an identity is 
possible for a fixed pair {l,ip). Observe that (|6.9p must have a root ^2 satisfying 
\r2\ = 2^~^ in order for an identity to exist with g = Ef^'''^. We substitute the 
values 

S2 = 2'-V(2) and S3 = 3'-V(3) 



into (j6.9p . and determine if there are any valid roots. Since an approximation is 
sufRcient, this computation is straightforward. If (16. 9p has no valid roots, there are 
no identities arising from the pair {l,(p). If we find a valid root r2, then the values 
of a and r^ are determined by (|6.4[) and (j6.5|) . respectively. Further values of rp are 
uniquely determined by equating further coefficients of (j6.ip with (j6.3p . Thus the 
Fourier expansion of / will be uniquely determined. With this expansion known 
we can determine if the expansion of / corresponds to that of an eigenform. 

Proposition 6.3. Assume that 3\N . There is only one eigenform identity of the 
form (j6.2l) . given below: 

(6.10) eI"^"" = -36£;2"^' -eI"^^. 



Proof. If 3 divides the level, then ^3 = S3 = 0, and (16. 6p reduces to 
(6.11) -2 = r2 + S2. 

Since \r2\ and |s2| are powers of 2, there are only two solutions to (|6.1ip . Either 
r2 = S2 = —1 (which we exclude since we assume Z > fc > 1) or r2 = 2 and S2 = —4, 
in which case k — 2 and / = 3. We set r2 = 2 and S2 = —4 in equations (16. 5p 
and (|6.7p (along with r^ = S3 = 0). Solving for a and /3 yields a = 1/12 and 
/? = —1/9. Now observe that (|6.10p is true by applying Corollarv 12.71 and that rp 
and Sp (for p > 3 prime) are uniquely determined by equating further coefficients 
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of eI^'''' ■ eI^''^ with (-^ - 1)eI^'''"^. Therefore (|STB is the only identity when 3 
divides the leveL □ 

For the remainder of the proof we now assume that the level N is relatively 
prime to both 2 and 3 (and therefore that and f^p are prime to 2 and 3 as well) . 
We will make use of the fact that we can assume f^p > 5 if (p is not trivial (i.e., 
(p ^ Iat). 

Proposition 6.4. Assume that I = k > 3. There are no eigenform identities of 
the form 



Proof. We first assume that both ip and ip are non-trivial characters. Given a = 
—Bk,t(,/{'2k) and (3 = —Bi,^/ (21), we have from (|3.5p that 

4a = 4/3 = (mod 2). 

From (|6.5p we have 

(6.12) 22'^-V(2)^(2)(a + l3) - 2''~\p{2)a + ^j{2)i3) = 1. 

Since fc > 3, the left side of (|6.12l) is equivalent to mod 2, which results in a 
contradiction. Thus there are no identities involving non-trivial characters. If tp 
(or ip) is the trivial character, say ip = l^v, then k must be even and 

We define ord2(?T.) to be the largest integer e such that 2^^ divides n. We want to 
show that ord2(2'^~^Q;) > 1. Observe that Bk will always have exactly one factor 
of 2 in the denominator (from the von Staudt-Clausen theorem) and 1 — p'^"^ will 
be even since p ^ 2. Therefore ord2(2'^~^a) > k — 2 ~ ord2(fc). For fc > 3 we 
have fc — 2 — ord2(fc) > 1. So again the left side of (|6.12l) is mod 2, yielding a 
contradiction. Thus there are no identities. □ 

Proposition 6.5. Assume that I = k = 2. There is only one eigenform identity of 
the form (|6.2p . given below: 

(6.13) eI"""'-^ = -30^2^''' -^2 ■ 



Proof. From ()6.5|) we have 

(6.14) 2a(^(2)(4?A(2) - 1) + 2/3^(2) (4(^(2) - 1) - 1. 

First we assume that ip and p are non-trivial. Since both characters must be even 
we have from that 2q = 2/3 = (mod 2). Therefore the left side of is 
mod 2, and we have a contradiction. Now we assume that exactly one of cither 
■0 or (ys is the trivial character. Without loss of generality we take ip = Ijy- Using 



and (|6.14p we obtain 
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-(^(2) [](l-p) -4 + 8/3(1 -4^(2)). 

Therefore Mip{2) = 4 (mod 8) for some M e Z, and thus ip{2) = ±1. If we take 
ip{2) = 1, then dH]) yields a = 11/6. If we take p{2) = -1 then ([0]) yields 
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a = 1/6 or a = 23/52. Observe that 2i/b2 cannot be the value of a. li a — 11/6 
then TV — 2 • 3 • 23, which is excluded. The value a = 1/6 corresponds to the identity 
(|6.13p . If both -0 and ip are trivial, ^ = (p = 1^, then (I6.14[) yields a — 1/12, which 
implies that = 3. Thus there are no further identities. □ 



For the remainder of this proof we now assume that k is strictly less than I. 
Recall that on page \TU\ we defined 



cii,U) 



We will now proceed to define the function D{k, I) so that 



< 




< 






21 
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< D{k,l). 



This allows us to exclude all cases where C{1, f^) > D{k, I). We want to obtain an 
equation that determines /3 in terms of rp's and Sp's. To do so, we combine (I6.5P 
and (j6.8|) to eliminate a. Upon dividing by S2 (noting that S2 is non-zero) we have 



where 



and 



with 



ci/3 = Co 



ci = Sr^sl - 2r2s\ - Sr^Sj + ^2S2 



2A - rl 



Co = d^rl + d2r\ + dir2 + d^, 



ds = -Gsj + 2s2 + 2, 

d2^ sl+ 2r3S2 + 2s2S3 + 3s2 + 2r3 + 2s3 + 3, 
di = sl+ rzS2 + S2S3 + 2s2 + 27-355 + r3 + 2r5S3 

+ 2r5 + 2r7 + S3 + 2s5 + 2s7 + 6, 
do = -r3S2 - S2S3 - 2s2 - r^s^ - - r^^Ss 

- r5 -rj - S3 - S5 - S7 - 4. 

We write /? — cq/ci. We want an upper bound for \/3\. In order to determine such 
a bound, we obtain a lower bound on ci and an upper bound on cq. Recall that 
\rp\ = p^~^ and \sp\ = Using the reverse triangle inequality on ci we obtain 



> 8|r|si| - 2|r2si| - 8\rlsl\ - \r2sl\ - 2\rl\ - 

Therefore we have 

|ci| > 2'=-='(8'4'= - 8^=4' - 8' - 8'= - 4' - 4^=). 

Note that 

gi^fe _ gfe^i - 8' - 8*^ - 4' - 4^" > 



'21- 
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when I > k > 1. We define e; as follows, 



63 


6 • 2^^- 


2 + 


2' -i 


-2, 










62 


= 2^'"^ 4 




-1^1 


+ 3'"^2' + 


3 • 2'-i 4- 


-2 


3^-1 4 


-2-3'"^ + 


ei 








-1 _^2'-i3' 


-1 + 2' + 


2 ■ 




-1 




+ 3*^ 




-2- 


5^-13'-! 4 


2 • S'^^i - 


f 2 










+ 3 


-1 


f 2-5'"^ + 


2 • 7'"^ + 


6, 






Co 








-13'-! +2' 


+ 3'^-i5'- 


M 


_3fe-i_ 






+ 5'' 




-7^- 


-i+3'-i + 


b'-^ + f 


-1 


+ 4, 





so that < Ci for < i < 3. Therefore we have 

|co| < 23*^-363 + 22'=-2e2 + 2^-^ei + cq. 

We define 

n,, n 4^'e3 + 2^-+ie2 + 4ei + 23-*^eo 



8'4fe - 8'=4' - 8' - 8'= - 4' - 4'= ^ 
so that for Z > fc > 1 we have 
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< D{k,l). 



Proposition 6.6. Assume that I > 5 and I < k < I. There are no eigenform 
identities of the form (|6.2p . 



Proof. When Z > 5, we have D{k,l) < 1 for any 1 < k < I, and therefore \f3\ < 1. 
If ^ I7V, then f,^ > 5. We have C{1, f^) > 1 when I > 5 and f,^ > 5. Thus there 
are no eigenform identities when (p is non-trivial. If ip — 1^, then there exists at 
least one prime p > 5 that divides N. From Proposition 13.41 and equation (13. 3p we 
have that |/3| > C{1, l)(5'"i - 1). Observing that C{1, l)(5'"i - 1) > 1 for I > 5, 
we determine there are no identities. □ 

Proposition 6.7. Assume I — 4 and k = 2 or k = 3. There are no eigenform 
identities of the form (|6.2p . 



Proof We have D{2, 4) < 0.53 and D{3, 4) < 0.49, and that C(4, /^) > 0.99 for 
> 5. So the only possibility for ip is Ijy. Let p be a prime dividing TV. If p > 7 
then \f3\ > C(4, 1)(7'^ — 1) > 1.22. So there is only one case to consider, namely 
ip = 1^. We have /3 = —31/60, S2 — 8 and S3 — 27. Using these values in (|6.9p we 
obtain 

24986r2 - 542765r^ + 3050832r^ - 2533840r2 + 570496 = 0. 

Since \r2\ = 2'^~^, there is only one valid root, namely r2 = 8. This implies that 
= 4, which we have excluded. Thus there are no identities. □ 

Proposition 6.8. Assume that I — 3 and k — 2. There are no eigenform identities 
of the form ((O)) . 

Proof. We proceed along the same lines as in Proposition 16.71 We have Z?(2,3) < 
1.59. Since I is odd, ip + Ijy. We have C(3,/c^) > 1.64 for > 9. Therefore 
must be either 5 or 7. If </? is not primitive, then there is a prime p > 5 dividing 
N but not In this case we would have |/3| > C(3, 5)(5^ - 1) > 9.15. Therefore, 
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we need only check the cases where (p is an odd primitive character modulo 5 or 7. 
When <4> = Xbi^ (|6.9P has one valid root, r2 = i- This corresponds to the identity 



E, 



I1.X5 



= (-5 + 5z)S/ ""-^ -E, 



which we exclude since k = 1. When = X5 31 (|6.9p again has only one valid root, 
r2 = —i. This corresponds to the excluded conjugate identity 



E, 



4 - = (-5-5z)i?i^'"-.i?3 



For the three cases where ip is an odd character modulo 7, (|6.9p has no valid roots. 
Thus there are no identities. □ 

Propositions 16.11 through 16.81 cover all possibilities for Case [21 with Z > fc > 1. 



7. EiGENFORM Product Identities 

We briefly explain the notation used in Tables [7] and HI The Dirichlet characters 
Xp,j are defined on page 21 The Eisenstein series Ejf''^ is defined in equation p.ip . 
See pageOfor the definition of the normalized cuspidal eigenforms Ak^N, A.k^N,x ^^'^ 
^k,N- Note that each occurrence of the function ^k,N denotes an eigenform product 
identity not forced by dimensional considerations. Because ^k.N is not specified by 
k and N (unlike Afe ^v and Afe_7v,x)i provide a partial Fourier expansion of each 
^k.N used, for identification purposes. Note that $4,10 is the unique normalized 
newform in iS4(ro(10)). The other ^k.N occur in spaces when the dimension of 
Sj^™{To{N)) is also greater than one. 



^10,3(^) 


= q 


+ 18,2 - 




= q 


- 14,2 _ 


^10,5(2) 


= q 


-8,2 - 




= q 


- 10,2 - 


^'8,7(2) 


= q 


-6,2 - 


*4,lo(z) 


= q 


+ 2,2 - 


^6,10(z) 


= q 


-4,2 - 


^4,15(2) 


= q 


+ ,2+2 


*6,15(z) 


= q 


-2,2- 


*4,2l(z) 


= q 


-3,2- 



81,3 _ ;^gg^4 _ i^^Qq5 ^ i4^^gqe 9128,^ + • ■ 
48,3 + 68,'' + 125,^ + 672,^ - 1644,^ + 840,*^ 



42,3 
8,34 
26,= 
3,3 - 
9,3 



+ 68,^ 
92,4 _ 



- 56,^ 
84,^ - 



-f 140,*^ - 49,^ - 360,® - 
252,"^ + 343,^ + 1320,® 



I- 4,4 + 5,^ - 16,*^ - 4,^ + 8,® + 37,^ + 10,^° 
+ 16,4 - 25,^ + 104,^ - 22,^ - 64,® + 433,^ 
7,4 + 5,^ + 3,*^ - 24,^ - 15,® + 9,^ + 5,4° + 
- 28,4 - 25,^ + 18,^ - 132,^ + 120,® + 81,^ - 
3,3 + ,4 - 18,^ + 9,*^ + 7,^ + 21,® + 9,^ + 54,40 - 



Remark 7.1. There are a few interesting observations to make regarding the iden- 
tities in Table |7l There are nine identities where the product of two Eisenstein 
series is again an Eisenstein series. There are 28 identities where the product of 
two Eisenstein series is a cusp form. And the remaining 24 identities are where the 
product of an Eisenstein series and a cusp form is a cusp form. One might think 
that the product of two Eisenstein series would not be a cusp form very often, but 
we find that this is the most frequent kind of identity. Of the nine instances of the 
product of two Eisenstein series being an Eisenstein series, six correspond to Case 
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[21 and three to Case[T] Out of the 61 identities, 54 occur at square-free level, and 
seven at square levels (A^ = 4, 8 and 9). 

Note that while both E^^'^'^ and A^^4^^^ are eigenforms of level 4, their product 
A8_2 is an eigenform of level 2. We list the identity 

A8,2 = -4i?3-^^-A5,4,;,^ 

under the level = 4, since 4 is the smallest level that all three forms exist at. 
Also of note is the fact that the three identities with the largest levels (A^ — 10, 15 
and 21) are not forced by dimensional considerations. 
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Table 7. Eigenform product identities 



Level 


Weight 


Nebentypus 


Identity 


N = 1 


k = 8 


X = li 


4 4 


N = 1 


k = W 




eIi;'^^ = mAO/iiEl^''^^ ■ eI^'^^ 


N = 1 


k = 14 


X = h 

A. ± 


14 ^ 4 


N =1 


k = U 


X = li 

A, 1 




N=l 


k = 16 


X = h 


Ai6,i = 240eI^'^^ ■ Ai2,i 


N = 1 


fc = 18 


X = h 

A, 1 


A18 1 = -504e5'^i . ^ 


N=l 


fc = 20 


X = li 


A2o,i = 240i;4i'^i ■ Ai6,i 


N = 1 


fc = 20 


X = li 

A, ± 


A2o,i = 480EI"^' ■ Ai2,i 


N=l 


fc = 22 


X = li 


A22,i = 240£;^'^i ■ Ai8,i 


N=l 


fc = 22 


X = li 


A22,i = ■ Ai6,i 


N=l 


fc = 22 


X = li 


A22,i = -264EI'o'^' ■ Ai2,i 


N=l 


fc = 26 


X = li 


A26,i = 2A0Ey' ■ A22,i 


N=l 


fc = 26 


X = li 


A26,i = -504EI''''' ■ Aao.i 


N=l 


fc = 26 


X = li 


A26,l = mEl^''"' ■ Ai8,l 


N=l 


fc = 26 


X = li 


A26,i = -264eI'/' ■ Ai6,i 


N=l 


fc = 26 


X = li 


A26,i = -24:Elf' ■ Ai2,i 


N = 2 


k = 6 


X = h 


eI^'^^ = 2'iEl^'^^ ■ eI^'^^ 


N = 2 


k = W 


X = h 


Aio,2 = 24^2'^"' ■ A8,2 


N = 3 


k = 5 


X = Xi 


2 


N ^3 


k = 5 


X = Xa 


£;^3'^i = 12i;2i'^3 .^X3,ii 


N = 3 


k = 6 


X = I3 


A6,3 = -9i?3^'''^-i^3''''^ 


N = 3 


k = 7 


X = X3 


A7,3,X3 = -9£^3"''' -^^1"'' 


N = 3 


k = 8 


X = I3 


A8,3 = -9i?3-'^^ •ii;5^-'^ 


N = 3 


k = 8 


X = I3 


A8,3 = 3i?5-'^^ ■i^a'^^-'^ 


N = 3 


k = 8 


X = I3 


A8,3 = 12^2^''^ ■ A6,3 


N = 3 


k = W 


X = I3 


^10,3 = ^eI''""' ■E^^''"' 


N = 3 


fc = 10 


X = I3 


$10,3 = 12EI''^' ■ A8,3 


N = 4 


fc = 5 


X = X4 


A5,4,x,=-4i^3"''*-^2^''^ 


N = 4 


k = 6 


X = I2 


A6,4 = -4£;3^''^* -E^^'^' 


N = 4 


k = 8 


X=l2 


^8,2 = -4i?3^'''* • A5,4,;j(.^ 
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Table 7. Eigenform product identities (continued) 



Level 


Weight 


Ncbcntypus 


Identity 


N = 5 




y = 1.; 
A -^5 




N = 5 


k = 4 


y = y^ o 


eI"^''-^ = -aoi^s"^' -eI"^"-^ 


N = 5 


k = A 


y = y^ n 

A A5,2 


^g^ll.ls .£;^5,2.ii 


N = 5 


fc = 5 


y = y^ o 

A A5,3 


&i&)X5_3 >^-^2 -^3 


N = 5 


fc = 5 


y = y^ -. 

A A5,l 


'-'5,5,X5 ^ "-^2 -^3 


N = 5 


k = 5 


A AOjO 


Ass^ =(-2 + i)El"''''' ■E^'-"''' 


N = 5 


k = 5 


X = X5,l 


A,,,,^^^ = {-2~i)El'''''-'.E^''^''' 


N = 5 


k = 6 


X = I5 


A6,5 = 6i;2^'^^ • A4,5 


N = 5 


k = 6 


X = I5 


Ae,5 = -5eI" E^'-''"-' 


A' = 3 


k = () 


\ = 15 




N = 5 


fc = 6 


X = I5 


A6,5 = (-2-i)i^3"'''''-^;3''^'"'' 


N = 5 


fc = 6 


X = I5 


A 771 ''^5,2 '■'■1 

^6,5 = -C'4 ■ -^2 


N = 5 


fc = 10 


X = I5 


$10,5 = 6^2"'' • *8,5 


N = 6 


k = 4: 


X = le 


A4,6 = -£^2"'^'" • £^2^'"'^* 


N = 7 


A: = 4 


y = I7 


A4 7 = f-C^ - 2)£o"'^^'' • E^''-'''^^ 


N = 7 


A: = 4 


y = I7 


A4 7 = fC + 3)£o"^''" • E^'-^'^' 

^4, r VS6i'-'y-^2 2 


N = 7 


k = 4: 


y = y? /I 

A A / j4 


A47y = i-C, ~2)eI''^''-^ ■ E^'-'^"^' 

' '•^7,4 V S b / Z 


N = 7 


k = 4 


X = X7,2 


A4,7,x =(C6 + 3)£2"'''''-^^2'''"'' 


N = 7 


k = 5 


X = X7,3 


A5,7,x,3 =4£2"''-A3,7,X,3 

7,0 ^7, J 


N = 7 


k = 5 


X = X7,3 


A5,7,X7_3 ^ (~^6 -2)£2"'^^''' -^3^^'' ' 


N = 7 


fc = 5 


X = X7,3 


A5,7,x,,3 = (C6 + 3)£;2""^"-i?3"""'^ 


N = 7 


fc = 5 


X = X7,3 


A5,7,x,,3 = (C6-l)^3"'"^-^^2'^'^''^ 


N = 7 


fc = 5 


X = X7,3 


^5,7,X7,3 - -^6-^3 ■ ^2 


N = 7 


fc = 8 


X = l7 


$8,7 = 4:EI''^^ ■ $6,7 


iV = 8 


A- = 4 


a; = I2 




TV = 8 


fc = 5 


X = X4 


A5,4,X4 = -2^2"^^'^ • ^3,8,X8,i 


TV = 9 


fc = 4 


X = l3 


A4,9 = (C6-2)£;2"''''^-^^2'''"'^ 


JV = 9 


A; = 4 


X = I3 


A4,9 = (-C6-l)i?2"'''''-i^2'''"'^ 


= 10 


A: = 6 


X = lio 


$6,10 = -e^a^'^^" • $4,10 


iV = 15 


A; = 6 


X = ll5 


$6,15 = -3^2 • $4,15 


TV = 21 


k = 4 


X= I21 


$4,21 = -2EI''^'' ■ A2,21 
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Table 8. Identities with all weights greater than 2, A'' > 1 



Level 


Weight 


Nebentypus 


Identity 


TV = 3 


fc = 6 


X = h 




TV = 3 


k = 7 


X = X3 


A7,3.X3=-9^3"''^-^^^''^ 


TV = 3 


k = 8 


X = h 




TV = 3 


fc = 8 


X = I3 


As,3 = SeI^'""^ -E^^'^' 


TV = 3 


A; = 10 


X = I3 


^10,3 = ^eI^'"'' ■E^"''' 


TV = 4 


fc = 6 


X = l2 


Ae^4 = -isl"^^ ■ E^^'"^' 


TV = 4 


/,■ = 8 


\ = 12 


A.--' = -iE^;-""' ■ A',A.x^ 


TV = 5 


fc = 6 


X= I5 


Ae,5 = {-'2 + i)El'''''-' -E^'-^'^' 


TV = 5 


fc = 6 


X= I5 


Ae,5 = {-2-i)El'''''-' -E^'-^'^' 
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